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Abstract. We present an extensive study of the approximant phases present in the Al-Cu—
Fe phase diagram in the vicinity of the icosahedral phase. In addition to the rhombohedral
and the two pentagonal phases previously observed, a new orthorhombic approximant has been
identified. The identification of these structures, via x-ray diffraction and TEM, is based on both
symmetry considerations and the ‘shear’ description in the perpendicular space. These simple
geometric tools give very satisfactory and accurate crystallographic results. This suggests that
these phases derive from the parent icosahedral phase both via systematic introduction of atomic
jumps preserving most of the atomic local environments and via long-range atomic diffusion.

1. Introduction

The goal of this paper is to present a synthesis of work on the phase diagram of the Al-Cu—
Fe system together with a method of characterizing the crystallography of the approximant
phases by x-ray diffraction techniques.

The ternary system Al-Cu—Fe has aroused great interest since the discovery of a
guasicrystalline icosahedral phase by Teail [1]; this was initially located as regards
composition in the vicinity of AlsCuoFes. Several authors have determined the ternary
phase diagram around this composition [2-5]. Closely related phases called ‘approximant’
phases that are in competition with the icosahedral phase have been observed. In addition
to the already known rhombohedral and pentagonal phases [6—14] we have characterized a
new orthorhombic phase and determined the equilibrium phases &C700

Approximant phases—which turn out to be periodic in general—share many structural
and physical properties with their parent high-symmetry quasicrystal: most of the transport
properties measured for the icosahedral phases are shared by their approximants [15-19];
this makes plausible the hypothesis that approximant phases have essentially the same
short- and medium-range order—up to several nanometres—as the parent quasicrystal. We
will designate as an approximant structure, or simply an approximant, any structure—
not necessarily periodic—whose diffraction pattern is close, as regards peak locations
and intensities, to that of the parent high-symmetry quasicrystal (see [20] for a general
discussion).

The paper is divided into four main sections.

Section 1 discusses the experimental conditions including alloy preparation, thermal
treatments and characterization techniques (differential thermal analysis, x-ray and electron
diffraction) that have been used to establish the equilibrium phase diagram.
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Section 2 discusses the geometric tool used to determine the various approximants from
the diffraction data based on the ‘shear’ method as initially proposed ki akadli Qiu [21].

Section 3 discusses the equilibrium phase diagram around the icosahedral phase region,
and the structures of the observed approximants.

Section 4 is a general conclusion to the work.

2. Experimental conditions and diffraction pattern indexing

2.1. Experimental details

The alloys were prepared from the pure elements (A9%, Cu 999%, Fe 999%) by
induction melting in an alumina crucible under a controlled pure helium atmosphere flow.
A major difficulty for this alloy preparation is the existence of a peritectic transformation
at high temperature. This induces a macrosegregation during the cooling process which
leads eventually to large inhomogeneities of composition in the ingot. So, the entire ingots
(=5 g) were remelted by induction heating in a silica tube and rapidly quenched by planar-
flow casting on a rotating copper wheel, under a pure helium atmosphere. All of the
samples studied were prepared with this method. The as-quenched state is two phased:
the icosahedral phase, denotedl ags accompanied by a small amount of a simple cubic
FeAl-type phase, relegated to the interdendritic regions.

The as-quenched flakes were then annealed under ultrahigh vacuum in order to allow
samples to reach equilibrium. DTA (differential thermal analysis) measurements were
carried out using a SETARAM microdifferential thermal analyser. Flakes (20 mg) were
put into alumina crucibles, and heated and cooled &CQ@nin~* under a pure argon flow.

Standard powder x-ray diffraction patterns were obtained on a Philips diffractometer
equipped with a curved graphite monochromator in the diffracted beam, usingoaCo K
radiation ¢ = 1.7902A). The instrument resolution, measured as the full width at half-
maximum (FWHM) of the(200) line from a standard CeOpowder sample, was about
0.08 6 (Ag ~ 1.5 x 1072 A1), with g = 2(sinf)/A.

High-resolution x-ray diffraction experiments were performed using the synchrotron
radiation on the line D-23 of LURE-DCI, equipped with a double-crystal monochromator
(Si 111) in the incident beam and an analyser crystal (Ge 111) in the diffracted beam. At
the wavelength chosen .02 A), the instrument resolution, measured as the FWHM of
the (111) line of the standard Si powder sample, was ab@if @ (Ag ~ 2 x 107 A~1)

The specimens for TEM were prepared by thinning the annealed ribbons in a Gatan
Dual ion mill. They were then observed in a JEOL 2000FX microscope and a TOPCON
002B, and high-resolution images and some of the diffraction patterns were obtained.

2.2. Diffraction indexing

The indexing of the diffraction patterns of the icosahedral and approximant phases has been
performed in the scheme proposed by Cahal [22] (for 3D periodic approximant phases,
we also give the standard crystallographic indexing).

We use the ‘shear’ formalism as proposed several years ago iy afadi Qiu [21],
Janssen [23] and Yamamoto (see [24, 25]) for periodic approximants and recently extended
to non-periodic approximants by Gratiasal [20].

The technique consists in developing a linear ‘shear’ field on the hyperlattice of the
parent quasicrystal along the perpendicular space denotéd a$he shear transformation
is characterized by a 8 3 real matrix, say, defined as follows.
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Consider a hyperlattice node with coordinates, ,} in respectively the physical
space denoted &8 and the perpendicular space, denotedas The shear transformation
sends this node to a new locati¢n), ', }:

=
fazn W
L =TL—EX
which can be equivalently written in Fourier space as
/o t
fa-aren @
q, =4q1

where{qy, g} are the coordinates of a wave vector of the initial reciprocal hyperlattice and
{qg}. 4} those of the transformed wave vector under the action of the shear.

Table 1. The numben of split orbits and multiplicitiesw for the principal reflections of the
icosahedral symmetry as functions of the point symmetry of the approximant.

Icosahedral Pentagonal Cubic Trigonal Orthorhombic
m35 5m m3 3m mmm
Symmetry v v Voo Voo
Asg 12 2 (2,10 1 12 2 (6,6) 3 4,449
Az 20 2 (10,10 2 (8,12 3 (2,612 4 (4,4,4,8)
Az 30 3 (1010100 2 (6,249 4 (6,6,6,12 6 (2,2,2,8,8,8)

A symmetry breaking occurs when going from the (high-symmetry) parent quasicrystal
to its approximants. This results in a splitting of the reflections characteristic of the point
symmetry of the approximant. Table 1 shows the splitting scheme and the corresponding
multiplicities of the most important reflections of the icosahedral phase for those symmetry
subgroups that will be of interest in this paper. Similarly, table 2 shows the corresponding
shear matrices. These matrices depend on one or several continuous parameter(s), depending
of the symmetry stratum, which characterize(s) the shear amplitude in 6D space. The smaller
these parameters are, the ‘closer’ to the icosahedral phase the approximant is.

Obviously, this shear technique is not meant to be representative of the actual physical
process involved in the transformation where atomic diffusion seems to be a major factor
in the transformation rate. It is used here as a convenient geometric tool for deciphering
the strong similarities that exist between the unit cell of the approximant and a finite piece
of the parent quasicrystal. Most of the atom sites in the approximant phase can be viewed
as the results of a set of collective atom flips of the parent quasicrystal (some with an
associated change in the chemical species), so large portions of medium-range-size atomic
clusters are present in both structures. Loosely speaking, both structures are built essentially
with roughly the same atomic units but stacked in a different way.

3. Description of the equilibrium phase diagram around 700°C

3.1. The phase diagram

The isothermal section at 70C of the Al-Cu—Fe phase diagram near the icosahedral phase
| is presented in figure 1.

At 700 °C three main single-phase domains are present corresponding to approximants.
They are listed below.
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Table 2. Shear matrices generating the approximants of the Al-Cu—Fe system. The symmetry-
adapted bases are defined as follows: for the pentagonal and rhombohedral stretaxithis

along respectively the fivefold direction (i, 0) and the threefold directiofi, 1, 1), y is along

a twofold direction perpendicular to, and z is a direction orthogonal to both. For the cubic
and orthorhombic strata, the symmetry-adapted basis is identical to the standard basis.

€ on a symmetry-adapted e on the standard basis
Symmetry basis (three orthogonal twofold axes)
P
B 1 0 O -1 -t 0
(pentagonal5m) tan<p( 0 0 O ) (tamp/«/B)( ™1 0 )
0 0 O 0 0 O
C
_ 1 0 O 1 0 O
(cubic: m3) tang 0 1 0 tang 0 1 0
0 0 1 0 0 1
0]
tang 0 0 tang 0 0
(orthorhombic:mmm) ( 0 tand 0 ) ( 0 tand 0 )
0 0 tany 0 0 tany
R
_ —tang 0 0 a b ¢
(trigonal: 3m) 0 tand 0 1/6)| ¢ a b
0 0 tany b ¢ a

b = 2tang + (1 — 37) tand

a = 2tang + tané
¢ = 2tang + (3t — 2)tand

() A pentagonal approximantP1 with point group 5m, around the composition
Ale3sClpasFenr g, first identified by Bancel [11]. This phase is a 1D periodic structure
along the fivefold axis. The 1D lattice parameter is equal t3B2.

(i) A rhombohedral approximant R with space groupR3m, extending from
Alg34ClsFer s t0 Alg1sClhgFes, first identified by Audier and Guyot [6] in a
AlgasClsFero5s sample. This phase is a 3D periodic structure, in which theounit cell
is a rhombohedron with an angle equal to 26id a lattice parameter equal to 32A4

(iii) An orthorhombicapproximantO with space groupmmm around the composition
Al 603CUs0F &y 7. This pha§e is a 3D periodic structure with a unit cell with= 32.16 A,
b=11634A, c =19.85A.

The x-ray diffraction powder spectra are shown in figure 2 (see appendix A for a
complete list of peak positions).

All of these approximants become icosahedral (imperfect) at high temperature; the
transformation occurs between 716 and 740°C, depending on the composition. They
transform to the rhombohedral state below about 80

The transformationd = approximant®l, R, O) = R are thermodynamically
reversible. However, the kinetics is very sluggish when the initial state is not the as-
guenched state (the defects introduced by the quench process increase the transformation
rate).

The three domains of the approximants are located on a composition line parallel to the
line of stability of the icosahedral phase. This agrees with the idea that these phases are
stabilized by their electronic structure. With a given set of values for the number of valence



Approximant structures in the Al-Cu—Fe system 2491

26 27 28
—Cutat%)

Figure 1. An isothermal section at 700 of the Al-Cu—Fe phase diagram showing the domains

of the perfect icosahedral phase and its approximaigpentagonal with a periodicity of 52.31

,&); R (rhombohedral); an@® (orthorhombic) phases. The symbols have the following meanings:

A: three-phase domair): two-phase domain® : one-phase domaing: at least two-phase
domain, but the differences of the concentration and structure of the phases are so small that the
determination of the tie-lines is not possible. Broken lines indicate an approximate boundary
of a phase domain (a precise determination is impossible owing to the small difference of
concentration). Inside the icosahedral domain there is a region arogp@GuddsFe 25 where

the perfect icosahedral phase remains unchanged on annealing at any lower temperature. The
characteristics of such other crystalline phaseg,as andw can be found in [5, 26].

electrons of the three atomic species, the electronic concentrations of all of the alloys are
distributed on parallel lines with a given slope, each line corresponding to a constant value
of the electron/atom ratige/a). The slopes of the two experimental strips corresponding
to single-phase alloys are compatible with reasonable values for the valencies of the atoms.
Taking the values 3, 1 and2 for respectively Al, Cu and Fe (for a detailed discussion of
the negative valencies see [27]), we find that these lines would correspaerid to 1.86
for the icosahedral phase domain anfd ~ 1.92 for the approximant domains.

Table 3 summarizes the results for the alloys studied along the two strips: it shows the
composition of the alloys, the temperature of the soljdietermined by DTA measurements,
the structural state at 700C and 730°C, and the 6D lattice parameters. For the
Alg34CusFe 16 alloy three phasesR| P1, 1), which are well characterized, can be
successively obtained after isothermal annealing at increasing temperature, fron€ 680
to 740°C (figure 3). The pentagonal phaBé is stable in a narrow domain of temperature
around 710°C: as is shown in the following scheml can be obtained at 71T either
from as-quenched icosahedral samples or from rhombohedral ones:

four days, 710C
25 P1

T four days, 710°C

as-quenched |

4 days 680°C
—

as-quenched | R

1 The knowledge of the solidus is obviously an important point since phases out of equilibrium can appear during
cooling when a partial melting occurs during an isothermal annealing. This could lead to an erroneous interpretation
of the phase diagram.



2492 M Quiquandon et al
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Figure 2. The x-ray powder diffraction pattern of Figure 3. X-ray powder diffraction patterns of
the four approximants compared to the icosahedrdahe Alg34CwsFe;6 alloy for various values of the
one: | (the icosahedral phaseP1l (the pentagonal annealing temperature.

approximant with 52.3R periodicity along the fivefold

axis); P2 (the pentagonal approximant with 84.49

periodicity along the fivefold axisy? (the orthorhombic

approximant); andR (the rhombohedral approximant).

The morphology of thé®1 phase is shown in figure 4; numerous defects are present,
but their nature is not elucidated yet. The grain size attained is several microns.

The rhombohedral approximant (= 36°, 32127 A < a < 32160 A depending on
composition) corresponds to the structure first observed by Audier and Guyot [6, 7] for a
Alg3sClpaFerss alloy. In Audier's paper the rhombohedral approximant is obtained below
650 °C as a ‘microcrystalline phase’ with a coherence length of some hundrefis bf
contrast with this result, the single-phase rhombohedral samples obtained here have a grain
size which can reach several microns (see, for example, the twins in gggCbsFers 2
alloy annealed for eleven days at 7@D; figure 4). When we studied the composition chosen
by Audier we found that, at 600C, whatever the annealing time, the x-ray diffraction peaks
remain broad and the spectra are difficult to analyse; for us, that is an imperfect icosahedral
state with large phason strains [28]. For this composition, we never obtained single-phase
rhombohedral samples, probably due to the slow kinetics of the transformations.

At 700 °C the single-phase domain of the rhombohedral phase extends from
Alg34ClsFe16 10 Alg1sClogFegs. The transformatiol = R is reversible. The trans-
formationR — | occurs rapidly ak735 °C, but the return to th&® phase is slower: the
reaction, performed at lower temperature (around 7CY is really slow and therefore
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Table 3. Typical features of the various alloys studied with the following nomenclature for the
quoteq phasest: icosahedralR: rhombohedralP1l: pentagonal with 1D periodicity equal to
52.31A; O: orthorhombic (with 6D parameters, B, C); L: liquid.

The structural state The structural state
after an after an
annealing at 700C annealing at 730C
T (°C) and the 6D lattice and the 6D lattice
Al Cu Fe Solidus parameter iA parameter inA

64.3 235 12.2 742 Pl (+traces ofw) 6.3180 P1+1 (no traces otw) 6.3181

64.0 24.0 12.0 751 P1 (+traces ofw) P1+1 (no traces o) 6.3167
63.6 245 11.9 748 P1 P1+1 6.3168
63.4 25.0 11.6 744 R 6.3109 | 6.3149
63.1 255 114 736 R 6.3109 | 6.3138
62.8 26.0 11.2 731 R 6.3091 | 6.3125
625 265 110 730 R 6.3067 | 6.3111
62.2 27.0 10.8 728 R 6.3068 L+1 6.3108
619 275 106 726 R 6.3058 L +1 6.3096
61.6 28.0 104 721 R 6.3044 L+1 6.3088
60.7 295 9.8 715 (6] L+1
60.3 300 9.7 711 O A=B= L+I

6.3102

C =

6.3029
62.6 24.4 13.0 840 | 6.3198 | 6.3198
625 246 129 838 | 6.3193 | 6.3193
62.3 249 12.8 834 | 6.3180 | 6.3180
62.1 25.3 12.6 830 | 6.3173 | 6.3173
62.0 255 125 828 | 6.3176 | 6.3176

reaches completion with difficulty. A perfect single-phase rhombohedral structure is
obtained only from an as-quenched icosahedral sample.

From the as-quenched icosahedralo)AC o6y 7 alloy, four different phasesR; O, P2,

I) can be obtained depending on the annealing temperature (figure 5). The rhombohedral
phaseR is stable up to 680C. The orthorhombic phase seems to be stable in a narrow
domain of temperature between 690 and 705°C; the O phase can be obtained either
from the rhombohedral state or the icosahedral one. Its morphology is shown in figure 4.
The grain size (a fewum) is comparable to the size of the icosahedral grains. Extended
defects of unknown nature cross the grains.

A pentagonal approximarR2 with a lattice parameter along the fivefold axis equal to
84.49 A was first identified by Mengut al (see [12, 13]) by electron microscopy, in a
Alg3s5ClFero5 alloy. The composition that we find fdP2 is slightly different from the
one given by Menguyet al we find P2 in the region of the orthorhombic phask after
the annealing at 70871 of as-quenched samples. HoweVeg, is never obtained in
strictly single-phased form and cannot be obtained from the orthorhombic phase: annealing
a single-phas® sample at 708-710C leads to a two-phas®+I state. ThereforeP2
seems to be an intermediate metastable phase. In the electron micrograph in figure 4,
the P2 phase appears as small precipitates inside icosahedral grains. Such a result is in
agreement with x-ray high-resolution experiments at LURE (see table A3).

Annealed at high temperature, all of the alloys studied transform into icosahedral phases.
The corresponding 6D lattice parametersare shown in figure 6. These parameters align
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Figure 4. Electron micrographs showing the morphology of the different phases stud{die
icosahedral phase, §ICwssFer2 5 alloy annealed for four hours at 798); P1 (the pentagonal
approximant with 52.3% periodicity along the fivefold axis, AhCw4Fe1» alloy annealed for
four days at 710C); P2 (the pentagonal approximant with 84.,&93eriodicity along the fivefold
axis, Alsg3CugpFey 7 alloy annealed for six days at 70&); O (the orthorhombic approximant,
Algp3CuzoFey 7 alloy annealed for eight days at 706); andR (the rhombohedral approximant,
Alg28CupsFer12 alloy annealed for eleven days at 700).

along two parallel straight lines (with black and white dots) corresponding to the two
values of the ratie/a. Each group follows a typical law of ideal solid solution where the
substitution for 1 Cu of 0.6 A} 0.4 Fe increases the lattice parameter linearly (the value
of the Goldschmidt atomic radius is4B A, 1.28 A and 1.27A respectively for Al, Cu and
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Figure 5. X-ray powder diffraction

patterns of the Ad3CuzoFey7 alloy

20(Aky Co) for various values of the annealing
temperature.

Fe). However, if we perform a comparison of the two groups we can see that:

(i) at constant concentration of Al, the lattice parameter decreases when Fe is substituted
for with Cu;

(ii) at constant concentration of Cu, the lattice parameter decreases when Fe is substituted
for with Al (whereas an increase of the parameter would be expected!)

It seems that a substitution involving only two kinds of atom is not possible, and perhaps
the deviation from the stoichiometry is accomplished in reality by the creation of vacancies.

The variation ofA calculated from the 3D lattice parameter of the periodic rhombohedral
phase is also displayed in figure 6. The 6D cubic cell corresponding to the rhombohedral
state is smaller than the 6D cubic cell of the high-temperature icosahedral state.

3.2. Crystallography of the approximant phases

The crystallographic characteristics in 6D space of the approximants of the icosahedral phase
in the system Al-Cu—Fe are displayed in table 4. A convenient method for discussing the
structure of these phases in 6D space consists in introducing one representati¥®, say

of the 3D subspaces, whose images under the shear are 3D subspaces paFlieghto
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—=o&—1 A measured in the I-state (e/a~1.86)
—e— A measured in the I-state (e/a~1.92)
—%—1 A measured in the R-state {e/a~1.92)

6.325 L L H b 1

6.32- 06/(9,0 L

6.315- -

6.31- -

6.305 =

6.3 T T T T T
61.5 62 62.5 63 63.5 64 64.5

Figure 6. Variation of the 6D lattice parameter as
Alat % a function of the Al concentration.

Table 4. Approximant phases identified in Al-Cu—Fe. The different columns give: No 1: the
symmetry of the approximant; No 2: the period in the 6D hyperspace; N@/3: (where

p,q € Z), aratio that characterizes the periodic approximant (see for instance figure 8 in which
the node(r, s) has to be replaced b§2p — ¢. ¢)); No 4: the rational vectors of the 6D unit

cell; No 5: the symmetry of these 6D vectors; No 6: the angles, present ie-ietrix, that
define the amplitude of the shear (see figure 8); No 7: the period of the approximants in the 3D
physical space; No 8: the angles of the unit cell in the 3D physical space.

6D 3D

Period Angles of Period
Symmetry (inA)  p/q Unit cell Symmetry thes-matrix (inA) Angles
P1[11] .
pentagonal 6318 /M8 53,3333 5 ¢ =-830° 5231
(5m)
R [6] 3,320,220 2 ¢ =075
rhombohedral 6.307 /2 323,200 2 32.14 36
(R3m) 2,3,3,00,2 2 f = -5.15
P2[12, 13]
pentagonal 6.307 /3 104,4,4,44 5 ¢ =319 84.49
(5m)
0] 6.310 32 023,023 2 ¢=-197 32.16 90
orthorhombic  6.310 17 110,7,110, 7 2 0 =-075 116.34 90
(Immm) 6.303 21 120120 2 y =515 19.85 90

approximant structure can be seen as resulting from a cut of the atomic surfaces (properly
reshaped for avoiding short distances) By, followed by a projection of the collected
points into . Hence, each approximant is characterized by a gigrin the basic 6D

space. A representation of the traces of the variBldspaces corresponding to all four
approximants is shown in figure 7 in the fivefold plane of the 6D space. Also shown in
the figure are the traces of the atomic surfaces used to describe the icosahedral phase in
Al-Cu-Fe as proposed by Katz and Gratias [29] where the icosahedral phase is represented
by three atomic surfaces: a triacontahedtotimes larger than the standard one used to
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Figure 7. Traces of the cut spaces generating the approximants in Al-Cu—Fe in the fivefold
plane in 6D (the trace of the cut space of the orthorhombic approxi@astthe same as the
one of P2). The characteristics of this representation are described in section 3.2.1.

generate the 3D Penrose tiling, centred at the site {0, 0,0, 0, 0, 0}; the same object
but truncated along the fivefold direction at the site= {1,0, 0,0, 0, 0}; and finally a
triacontahedrorr times smaller than the standard one at the isite- {1, 1,1, 1,1, 1}/2.

3.2.1. Pentagonal approximantsPentagonal approximants are well known approximants
of the Al-Cu—Fe system [11-14]. They are 1D periodic structures along the fivefold axis.
As shown in table 2, the pentagonal stratum depends on one unique continuous papameter
This parameter corresponds to the tilt angle between the tradBg aifid E; in the fivefold
plane of the 6D space as shown in figure 8. A 1D periodic pentagonal phase is thus obtained
by bringing in E, a node of typdr, s, s, s, s, 5}, with r, s € Z, while keeping invariant all
lattice points in the other directions, so figure 8 is a faithful geometric representation of the
shear mechanism.

It is straightforward to calculate the peak locations in the diffraction spectrum using



2498 M Quiquandon et al

Q(A-1)
(21__1'1) 033 i i i I 1 1
r EQ B 0.32 - ] B
. Ec [(r.8) 0.31 A (8,?2) -
03 - T1) S}

3 / >< 0294 A ] i

028 4 I
2 /{4/ 027 dFmme ®9 ]
1 _‘_‘.-_____'_.,__,::==—r-=::: ________________

"1 2 s ®

Figure 8. Pentagonal approximants can all be describeBigure 9. Splitting, as a function of the angle of the
by a shear of amplituder along the trace of the typical triplet of reflections (6, 9), (7, 11), (8, 12).
perpendicular spacé&; in the fivefold plane of the

parent icosahedral structure. After the shear, the

node (r, s) aligns along the physical spacB; (the

coordinates of any point that belongs to a fivefold plane

are{x,y,y,y,y, —y} which are replaced in the figure

by the notation(x, y)).

equations (2) and the expression for the corresponglipgrmatrix (see table 2); the lengths
of the diffraction wave vectors, denoted &s in the pentagonal approximants are related
to those of the icosahedral phase, denoted,asy

0% = ¢* + 29 5q. stang + ¢% starf ¢ (3)

whereg, 5 andg, s are the components of the icosahedral wave vector along the pentagonal
direction in respectivelyf, and E | :

, N+Mrt

=20+ @

qs=q-ef  qs=d-e g
The vectorse! ande. are the unit vectors along fivefold directions in respectivBlyand
FE, .

{ el = (1/vV10(v/5,1,1,1,1, 1) (5)

el = (1/V/10{+/5, -1, -1, -1, —1,1}.
The peak locations of the typical triplet of reflections of the icosahedral phaSg (G, 11)
and (8 12) versusyp are shown in figure 9. This figure can be used as an ‘abacus’ for
a direct reading of the-angle from the experimental position of these three groups of
reflections: the angle is obtained by matching the experimental peak locations with the
corresponding abacus’s lines.
We obtain the following values of the angle.

(i) For the pentagonal phas$tl.:

¢ = —8.30° with a 6D lattice parameteA = 6.3180A.
(ii) For the pentagonal phade2:

¢ = 3.19°with a 6D lattice parameteA = 6.3070A.
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Tables A2 and A3 in the appendix can be consulted to appreciate the agreement between
the calculated and observed peak positions.

Both values ofy correspond taE.-spaces that are 1D rational with respect to the 6D
lattice. As the trace o in the fivefold plane is a line of slope/4, it is easily shown
that anE-space containing the directidn, s, s, s, s, 5} makes withE the anglep, where

tang = 4 . (6)

The period along the fivefold axis is given by the projection odp of the node
{r.s,s,s,s,5}

r—s 4+ 2st
a=""3T5T, 7
/2 0

where A denotes the 6D lattice parameter of the icosahedral phase.

An equivalent method, closer to the notion of rational approximants of the golden mean,
consists in approximating the directi¢ér — 1,1, 1, 1, 1, —1} which is the trace off; in
the fivefold plane (as/5 = 2t — 1), by replacing the golden meanby one of its rational
approximantg/q. We obtain the directiof2p—q, g, ¢, g, ¢, —¢} in 6D and the expression
for the anglep becomes

tan(p — p_iqf (8)
pP—4qtqr
and the period: along the fivefold axis inE; becomes
a=~2A(p—q+q7) ©

(an expression similar to that of the rhombohedral parameter along a fivefold axis expressed
in [8]). These two integerp andq are used for characterizing the two pentagonal phases
P1landP2

(i) for P1 with ¢ = —8.30°, we obtainp = 4, ¢ = 3; the 1D lattice parameter is given
by the projection of the nodgs, 3, 3, 3, 3, 3} onto E; leading to 5231 A;

(i) for P2 with ¢ = 3.19°, we obtainp = 7 andq = 4; the 1D lattice parameter is
given by the projection of the noddO0, 4, 4, 4, 4, 4} onto E; leading to 8H9 A.

The identification of the pentagonal phases is confirmed by a study performed on TEM
diffraction patterns as shown in figure 10 where experimental and computed diffraction
patterns are compared. Simulations are performed with the algorithms described in
section 2.2. The intensities of the reflections are represented by discs of sakips |q. |,
where g, is the (shortest) perpendicular component of the wave vector. This factor has
been introduced to qualitatively mimic, as a guide to the eye, the usual intensity decay with
increasingq_|. Obviously, real approximants may show quite different intensity behaviour,
especially for the reflections with largg, |-values.

A detailed discussion about the ‘systematic’ extinctions exhibited along the fivefold
direction in both pentagonal phases will be presented in a forthcoming paper.

3.2.2. Rhombohedral approximantsThe rhombohedral approximant is the best known
approximant of the Al-Cu—Fe system [6-10]. It is a 3D periodic phase belonging to the
trigonal stratum with a rhombohedral lattice. The corresponding shear matrix (see table 2)
has two parameters and® which are experimentally found to be

¢ =075 9 = —5.15.
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P2

Figure 10. TEM diffraction patterns in twofold orientation and corresponding simulations
performed for the icosahedral phasand the two pentagonal phades and P2.

These two values can be obtained from one single pair of intggargg (see table 4) via
the relations

-2p+)+(p+qgr tang — (p—q)+(p—2q)r_

tang =
q+pt q +pt

(10)
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The 3D lattice parametersandc in E; along respectively a twofold axis (a rhombohedral
setting) and a threefold axis (a hexagonal setting) can be expressed as

. V2A(q + p) c:fGA(er(erq)f)
J2+T J2+T

where A is the 6D lattice parameter.

The crystallographic characteristics of the periodic rhombohedral approximant are
displayed in table 4. The unit vectors in 6D are of the type p,q, 0, ¢, 0} with
p = 3 andg = 2 [8]. The angle between the trace &% and the trace ofE, in the
corresponding twofold planes is1.97° which shows that the shear amplitude is remarkably
small. Table Al in the appendix can be consulted to appreciate the agreement between the
calculated and observed peak positions.

We observe that this rhombohedral approximant is characterized by a unique doublet of
integersp andg, whereas the corresponding trigonal stratum has dimension 2. Indeed, since
the shear field of the transformation correspond€in to an extension/contraction along
a threefold axis (characterized by the angle and an independent extension/contraction
developing axially in the perpendicular plane (characterized by the a)gleve would
expect two ‘independent’ doublets—say,, g,) and (ps, go). This is indeed the case for
trigonal approximants with a hexagonal lattice which are defined by two independent lattice
parameterg andc. But it is not the case for rhombohedral lattices which are defined by one
unique lattice parameter having well defined components in both deformation subspaces:
this imposes a relationship between the anglemnd 6 and therefore reduces by one the
number of independent doublets of integers needed to characterize the phase.

As for the pentagonal case, it is straightforward, although more complicated, to calculate
the powder diffraction spectrum:

(11)

0% = ¢* + 2(~q)3q.3tang + (1,212 + q.mq.Lm) tand)
+4% starf o + (¢% , + g7 ) tart o (12)

where g3, g2, q;.» and gy 3, q12, q..» are the components, i, and E,, of the
icosahedral wave vector along the three orthogonal directions, respectively: a threefold one
of type (1,1,1), a twofold one and a direction belonging to a mirror. It can be noted that
the expressions for thej. present in the equation

Qi,j:q'ej‘ with i = ||, L andj=3,2,m

are given in [20].

The TEM diffraction patterns obtained for the rhombohedral phase and corresponding to
the icosahedral twofold planes are compared, in figure 11, to the simulations (the calculation
is similar to the one used in the pentagonal case).

3.2.3. Orthorhombic approximants.This phase, denoted &3, is a three-dimensional
periodic phase with an orthorhombic symmetry of space gioupm It has been identified

by x-ray powder diffraction (see figure 2). The accurate determination of the splitting of the
icosahedral reflections has been made using high-resolution diffraction (line D-23 at LURE-
DCI) as shown in figure 12. The crystallographic parameters of this phase are given in
table 4. This phas® has such large unit-cell parameters (in particular along one direction)
that the use of a high-resolution x-ray diffractometer is necessary to separate the various
peaks. As shown in figure 12, we can clearly see that the original (6, 9) icosahedral peak
splits into four distinct peaks; each of them has a width close to the instrumental one, and
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1/1 0/1 -1/0

Figure 11. TEM diffraction patterns of the rhombohedral phd®en twofold orientation and
corresponding simulations.
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Figure 12. The orthorhombic phas®; the splitting of the x-ray reflection indexed as (6, 9) in
the icosahedral scheme: (a) a scan on a standard diffractometer; (b) a scan on a high-resolution
diffractometer (synchrotron radiation at LURE).

among these four peaks, two are especially close. Even with such a resolution, it has not
been possible to fully separate all reflections.

Instead of building the general projector matrix corresponding to the orthorhombic
stratum, we have calculated the shear matyix.. (¢, 6, y) (expressed in table 2) directly
from the shear matrix of the cubic stratuy)z(¢) (table 2) in which the three orthogonal
binary axes are considered as independent axes.

As the orthorhombic stratum has dimension 3, the shear field of the transformation
corresponds inE; to three independent deformation fields along the three twofold axes
(characterized respectively by the angle® andy). Periodic orthorhombic approximants
are then characterized by three independent doublets of intépgrg,), (ps.qe) and

(Py.4qy)-
The values of the angles that are in best agreement with the experimental x-ray diffracted

data (table A4) are the following:
¢ =-197 6 =-0.75 y =515,
These values are related to the doublet of integgrsq.) by
Pa — qaT (13)
4o + PaT
wherea stands forp, § andy. The values of( p,, g,) are (table 4)
Pelqp = 3/2 pe/qe = 11/7 py/qy =2/1.
The corresponding 3D periodic orthorhombic structure has lattice parameters
a=3216A  b=11634A  ¢=1985A.

The rhombohedral phade and the orthorhombic phage share the same value ¢f/q,
namely 32, and therefore the same 6D node, which gives a similar value of the 3D lattice
parameter along this direction.

From the expression for the 3D lattice parameter along a twofold axis €quation
(11)), the 6D parameters can be obtained from the three independent dagblefs):

A =6.310A B =6.310A C = 6.303A

tana =
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and we can notice that = B # C. The 6D lattice of the orthorhombic pha§kis no
longer a (hyper)cubic lattice, as it is for the other periodic approximants, but is now a
pseudo-cubic lattice with a tiny deformation of

AA  A-—
A _A-C_511m
A A

As previously, the powder diffraction spectrum can be calculatéd as

Q2 = 612 +2 (qn,zxtu,zx tany + qy.2,91.2,tand + gy 2.9 2, tany)
+q7 5 tarf o + f]izy tarf 6 + Qizj tarf y (14)

wheregq 2, q).2,, q1.2, @dq. 2., q1.2,, 1.2, are the components of the icosahedral wave
vector along the three orthogonal twofold axes in, respectively, the parallel and perpendicular
spaces. The locations of the principal peaks calculated with these values are displayed in
table A4. The column headeidneo-exp Shows that the differences between experimental
and theoretical values are within the accuracy of the experimental determination, t'e. 10
TEM diffraction patterns with the associated simulations (similar computations to those
in the pentagonal and rhombohedral cases) are presented in figure 13 for several basic
crystallographic planes. The two patterns perpendicular to the twofold ax&s@p0, 0/0]
and [/0, 0/2, 0/0] show the three basic periods; the first one reveals, in reciprocal space,
the large period equal to 116.35in the real space.

4. Conclusion

The present diffraction study shows a very good agreement between the experimental data
and the theoretical predictions based on both simple symmetry considerations for inferring
the possible splits of the icosahedral reflections and the shear formalism of the 6D lattice
in perpendicular space for quantitative crystallographic information. Although this study is
based only on the locations of the diffraction peaks and not on their relative intensities (no
displacement field in parallel space has been introduced in the theoretical description), the
results strongly support the idea that approximant structures have essentially the same kind
of local order as their parent quasicrystalline phase with similar atomic units up to relatively
large distances (several nanometres).

The extensive study of the equilibrium phase diagram of Al-Cu—Fe in the vicinity of
the icosahedral phase shows that the icosahedral phase and its rhombohedral approximant
may exist as fundamental states@K in narrow domains of composition extending along
two parallel lines in the phase diagram. These lines correspond to constant average outer-
electron concentrations and their slope is compatible with reasonable values for the valencies
of the atoms. Hence it may be thought that the electron structure plays a major role in the
stabilization of the icosahedral and rhombohedral phases at low temperature. These lines of
highest stability correspond also to a given law of substitution for Cu with Al and Fe, which
allows the composition variation within the stability range. Outside the range of highest
stability of thel phase, lattice parameter measurements show that the introduction of vacant
sites is probably necessary to accommodate the composition; this behaviour would keep the
electron concentration in the quasicrystal constant.

At increasing temperature the domain of the rhombohedral phase remains very narrow
and even its extension decreases when the transformations to the pentBdoaat
orthorhombic phases occur. On the other hand, the domain of {ilease widens out
as the temperature increases, becomes a maximum ned€Cy74hd then decreases.

1 This expression can be used if the 6D lattice is a strictly cubic lattice.
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1/1 0/1 1/0

Figure 13. TEM diffraction patterns of the orthorhombic pha®ein twofold orientation and
corresponding simulations.



2506 M Quiquandon et al

The reversible phase transformation between icosahedral and rhombohedral structures
can be studied, without crossing tRé& or the O domain, in alloys on the line of the phase
diagram extending from ApgCulxgFer12 to Alg1oCl7sFege. For all of these alloys a
two-phase R + 1) domain exists at high temperature, above the rhombohedral domain; in a
temperature range of 1'%, different proportions of rhombohedral to icosahedral phase can
be reversibly obtained. Above this two-phase domain the tip of the single-phase domain
of the | phase (at~740 °C) may be crossed only for extremely controlled conditions of
composition and temperature. More ofteh;(liquid) or (A-phaset | + liquid) mixtures
are obtained. These observations suggest that the rhombohedral phase may not occur as
a polymorphous transformation of thephase, but rather as a (peritectic?) transformation
from (I + A + liquid). Experiments are in progress in order to obtain vertical sections of the
phase diagram for constant Cu contents (25 and 26 at.%).

Several papers have been devoted to the icosahedral-rhombohedral transformation of the
Alg3sClsFer 25 alloy (see, for example, [13, 14] and references therein). They all conclude
that the rhombohedral structure is stable at low temperature. According to [13, 14], a phase
transition towards an icosahedral phase occursé5 °C via a transient state identified as
the pentagonal pha$®?, whereas the reverse transformation (icosahedral to rhombohedral)
involves several transient states: first a modulated state of gfese, then a mixing of
the two pentagonal structur®l andP2. We never observed such a transformation at this
same composition whatever the temperature. According to the present Ribekists as
a stable single phase in a narrow domain of composition and temperature (figure 1) and
P2 is found only as a transient state in the orthorhombic—icosahedral transformation of the
Algo3CuzoFey 7 alloy.

The main purpose of the present work was the determination oédhéibrium phase
diagram of Al-Cu—Fe and no attempt has been made to elucidate the mechanism of the
phase transformations especially through possible transient states. This may explain the
small differences found (concerning both the localization of the pentagonal phases in the
phase diagram and thhe= R transformation) between the results of [13, 14] and the present
paper.
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Appendix A

In the tables presented in this appendix:represents the parallel component of the 6D
diffraction vector, theoretical (theo) and experimental (exp) values are displayed with the
difference of these values (theoexp). The experimental values have been determined by
a profile fitting. In the high-resolution experiments the order of magnitude of the error in
the determination of the peak positionsAg = +2 x 10-> A~*; with current experimental
conditions this value is lowered t2 x 10~* A~%. The full widths at half-maximum of the
diffraction peaks of the best observed approximants are within the instrumental resolution
in both standard and high-resolution experiments.
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Table Al. Theoretical and experimental positions of the main reflections for the rhombohedral
approximantR (p/q = 3/2) with 3D lattice parameter = 321394 A, tilt anglesg = 0.75°

and® = —5.15°. This phase of composition #,Cw7Fejgg is obtained after annealing for
three days at 705C. The phase is icosahedral at 78D with the 6D primitive lattice parameter

A = 6.3068A.

Gico dgheo Gtheo qexp SQ(the(roexp)

N M (A1 h k I w1 (A) ) (A1 (104 AL

6 g 0.063D 1 1 0 12 1 16.070 0.06223 0.06226—0.298

6 3 0.063D 2 2 2 2 15.012 0.066 61

6 3 0.063D 2 1 1 6 13.670 0.07315

3 1 00692 1 0 0 6 2 16.897 0.05918 0.059 24—-0.582

3 1 0.0693 2 2 1 6 1 12441 0.08038 0.08032 0.562

2 1 0.11272 3 3 2 6 1 9.421 0.106 15 0.10616—-0.125

2 1 0.1122 2 0 0 6 2 8.448 0.11837 0.11827 0.959

3 4 0.1814 3 0 0 6 4 5.632 0.17755 0.17753 0.243

3 4 0.1814 5 5 3 6 3 5.396 0.18533 0.18501 3.203

6 9 0.2673 8 5 5 6 6 3.770 0.26524 0.26511 1.266

6 9 0.267® 8 8 8 2 6 3.753 0.266 46 0.266 06 3.921

6 9 0.2673 5 3 0 12 10 3.724 0.26851 0.268 38 1.247

7 11 0.2938 8 8 5 6 14 3.435 0.29116 0.29095 2.058

7 11 0.2938 5 0 0 6 14 3.379 0.29592 0.29577 1.453

8 12 0.30788 3 0 3 6 5 3.311 0.30207 0.30202 0.420

8 12 0.3078 8 5 3 12 9 3.231 0.30946 0.30921 2421

8 12 0.3078 5 5 0 6 9 3.214 0.31114 0.31085 2.960

8 12 0.30788 Q 8 8 6 3.213 0.31119
18 29 0.4749 8 0 0 6 52 2.112 0.47346 0.47355-0.875
18 29 0.47494 13 3 8 6 72 2.099 0.47642 0.47619 2.291
20 32 0.4998 8 8 0 6 100 2.009 0.49783 0.49751 3.195
20 32 0.499 38 16 13 13 6 75 2.009 0.49784 0.49776 0.818
20 32 0.499 38 13 8 5 12 75 2.004 0.49891 0.49875 1.593
20 32 0.499 38 5 0 5 6 23 1.986 0.50344 0.50327 1.697
52 84 0.80802 8 0O 8 6 7 1.241 0.80551 0.80535 1.622
52 84 0.808 02 21 13 8 12 27 1.237 0.808 32 0.80802 3.004
52 84 0.80802 13 3 0 6 25 1.236 0.80898 0.808 80 1.767
52 84 0.808 02 26 21 21 6 1.236 0.80898
70 113 0.93729 8 8 8 6 3 1.070 0.93435 0.93458-2.270
70 113 0.93729 21 8 5 12 7 1.069 0.93585 0.93589.437
70 113 0.93729 29 26 21 12 4 1.067 0.93678 0.93754.817
70 113 0.93729 21 21 8 6 1.066 0.93769
70 113 0.93729 26 21 13 12 1.066 0.93791
70 113 0.93729 13 5 0 12 3 1.064 0.93976 0.93914 6.178
72 116 0.94988 @& 0 0 6 6 1.056 0.94693 0.94693 0.000
72 116 0.94988 21 16 5 12 1.056 0.946 93
72 116 0.949 88 29 21 18 12 5 1.055 0.94750 0.94760.988
72 116 0.94988 29 29 26 6 5 1.054 0.94876 0.94964£.792
72 116 0.949 88 26 13 13 6 1.051 0.95100
72 116 0.94988 13 8 5 12 5 1.050 0.952 27 0.95238-1.089
72 116 0.94988 18 8 0 12 3 1.049 0.95283 0.9531R.724
72 116 0.94988 26 26 16 6 1.049 0.95283
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Table A2. Theoretical and experimental positions of the main reflections for the pentagonal
approximantP1 (p/q = 4/3) with the 1D lattice parametar = 52.3064 A, and tilt angle

¢ = —8.30°. This phase of composition 3Cu3sFe122 is obtained after annealing for three
days at 720°C. The phase is icosahedral at 740 with the 6D primitive lattice parameter

A = 6.3180A. Rows given in bold type show reflections that belong to the periodic fivefold

axis.
dico dgheo Gtheo dexp 5‘](theo—°e><p)
N M (A Iz 1 (") (Ah (AT (104 AT
3 i 0.06917 10 1 15.444 0.064 75 0.064 31 4.44
3 1 0.06917 2 1 10.461 0.09559 0.09566 —-0.74
2 1 0.11192 2 1 10.461 0.09559 0.09566 -0.74
2 1 0.11192 10 4 8.668 0.11537 0.11509 2.82
3 4 0.18109 10 5 5.583 0.17912 0.17855 5.71
3 4 0.18109 2 3 5.231 0.19118 0.19063 -—-2.15
6 9 0.266 81 10 12 3.767 0.26544 0.26494 4.97
6 9 0.266 81 10 10 3.727 0.26828 0.26781 4.71
7 11 0.29301 2 7 3.487 0.286 77 0.286 20 5.73
7 11 0.29301 10 22 3.398 0.294 27 0.29382 4.46
8 12 0.30809 10 8 3.295 0.30344 0.30299 4.46
8 12 0.30809 10 8 3.246 0.30809 0.30778 3.12
8 12 0.30809 10 9 3.196 0.31285 0.31230 5.45
12 16 0.36218 10 1 2.889 0.34613 0.34552 6.11
12 16 0.36218 10 2 2.761 0.36218 0.36202 1.63
12 16 0.36218 20 2.730 0.366 24
12 16 0.36218 20 2.729 0.36648
12 16 0.36218 10 1 2.791 0.35823 0.35855 —-3.21
12 16 0.36218 2 1 2.615 0.38236 0.38181 5.49
18 29 0.47410 10 100 2.113 0.47333 0.47310 2.26
18 29 0.47410 2 33 2.092 0.47795 0.47740 5.55
20 32 0.49850 10 78 2.018 0.49557 0.49515 4.22
20 32 0.49850 10 44 2.006 0.49850 0.49791 591
20 32 0.49850 10 61 1.994 0.50145 0.50113 3.22
52 84 0.806 58 10 16 1.243 0.80478 0.80470 0.80
52 84 0.806 58 10 27 1.240 0.806 58 0.806 45 1.28
52 84 0.806 58 10 30 1.237 0.80840 0.80821 1.89
70 113 0.93560 10 3 1.073 0.93209 0.93205 0.37
70 113 0.93560 20 9 1.069 0.93521 0.93554 -3.31
70 113 0.93560 10 1.068 0.93599
70 113 0.93560 20 6 1.067 0.93756 0.93756 0.00
72 116 0.948 20 10 3 1.061 0.94203 0.941 80 2.33
72 116 0.948 20 10 2 1.055 0.948 20 0.94384 43.60
72 116 0.948 20 20 5 1.054 0.94874 0.94841 3.33
72 116 0.948 20 20 9 1.053 0.94975 0.94985 —0.98
72 116 0.948 20 10 5 1.056 0.946 66 0.94670 —-0.41
72 116 0.948 20 2 2 1.046 0.95591 0.955 66 2.52
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Table A3. Theoretical and experimental positions of the main reflections for the pentagonal
approximantP2 (p/q = 7/4) with the 1D lattice parametar = 84.4862 A, and tilt angle

¢ = 3.19°. This phase of composition CuzoFerg is obtained after annealing for five days at
709°C. The phase is icosahedral at 78Dwith the 6D primitive lattice parameter = 6.3070A.

As in the previous table, rows given in bold type show reflections that belong to the periodic
fivefold axis.

dico dgheo dtheo dexp 5‘](them°exp)
N M (AT w1 (A) (A™h (A (104 AT
3 i 0.069 29 2 1 16.898 0.05918 0.05895 2.32
3 1 0.06929 10 14.000 0.07143
2 1 011211 10 1 9.018 0.11089 0.11027 6.21
2 1 011211 2 8.449 0.11836
3 4 0.18141 2 1 5.633 0.17754 0.17715 3.95
3 4 018141 10 3 5489 0.18218 0.18153 6.47
6 9 0.26728 10 13 3.748 0.26677 0.26682-0.50
6 9 0.26728 10 13 3.734 0.26780 0.27061 28.10
7 11  0.29352 10 14 3.412 0.29304 0.29279 2.48
7 11  0.29352 2 3 3.379 0.29591 0.29580 1.10
8 12 0.30863 10 5 3.259 0.30681 0.30723-4.22
8 12 0.30863 10 5 3.240 0.30863 0.30845 1.80
8 12 0.30863 10 5 3.221 0.31045 0.31016 2.91
18 29 0.47493 2 25 2112 0.47345 0.47366-1.47
18 29 0.47493 10 100 2.104 0.47522 0.47485 3.73
20 32 0.49937 10 55 2.007 0.49825 0.49802 2.27
20 32 0.49937 10 59 2.002 0.49937 0.49910 2.73
20 32 0.49937 10 55 1.998 0.50049 0.500692.03
52 84 0.80799 10 1.239 0.80730
52 84 0.80799 10 27 1.238 0.80799 0.80785 1.38
52 84 0.80799 10 1.237 0.80869
70 113 0.93723 20 1.068 0.93648
70 113 0.93723 10 8 1.067 0.93708 0.93704 0.44
70 113 0.93723 20 1.067 0.93738
70 113 0.93723 10 1.065 0.93858
72 116 0.94985 2 1.056 0.94690
72 116 0.94985 10 6 1.052 0.95044 0.94957 8.72
72 116 0.94985 20 1.053 0.94926
72 116 0.94985 20 1.053 0.94926

72 116 0.94985 10 6 1.053 0.94985 0.94977 0.83
72 116 0.94985 10 1.050 0.95221
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Table A4. Theoretical and experimental positions of the main reflections for the orthorhombic
approximantO with the 3D lattice parametets= 32.1570A, b = 11634504, ¢ = 19.8510A
corresponding to three slightly different 6D primitive lattice parameterss B = 6.3102A
andC = 6.3029A. The tilt angles arep = —1.97°, § = —0.75°, andy = 5.15°. This phase

of composition Abo3CuzoFey 7 is obtained after annealing for eight days at 75

dtoheo qtheo dexp 8‘1(the(k°exp)
N M h 1 " I A) ) (A1 (104 AL
6 3 1 3 0 4 1 17671  0.05659  0.05715 —5.566
6 3 0 0 2 4 1 16.079 0.06219  0.06204 1.513
6 3 0 7 1 4 14.765  0.06773
6 3 1 4 1 8 14.608  0.06846
3 1 1 0 1 4 1 16.892  0.05920  0.05912 0.798
3 1 0 4 2 4 14.072  0.07106
3 1 1 7 0 4 1 12744  0.07847  0.07852 —0.530
2 1 1 11 0 4 1 9.334 010713  0.10686 2.704
2 1 0 7 3 4 1 9.008 011101  0.11087 1.435
2 1 2 0 2 4 2 8.446  0.11840  0.11807 3.281
3 4 3 0 3 4 5 5631 017760 017742 1.806
3 4 0 11 5 4 2 5.495  0.18198  0.18162 3.602
3 4 2 18 0 4 3 5416  0.18463  0.18441 2.118
6 9 0 29 3 4 20 3757 026615  0.26605 0.970
6 9 3 18 5 8 7 3754  0.26637  0.26667 —3.019
6 9 2 0 8 4 9 3726  0.26841  0.26808 3.295
6 9 5 11 0 4 4 3717  0.26904  0.26883 2.040
7 11 3 29 0 4 9 3431 029149  0.29142 0.764
7 11 0 18 8 4 16 3413  0.29296  0.29288 0.850
7 11 5 0 5 4 12 3378  0.29600  0.29579 2.128
8 12 6 0 0 2 1 3.308  0.30225  0.30225 0.000
8 12 3 11 8 8 4 3267 030605  0.30587 1.844
8 12 0 36 0o 2 3232  0.30942
8 12 5 18 3 8 14 3226 030997  0.31031 —3.357
8 12 2 29 5 8 3220  0.31058
8 12 0 0 10 2 3216  0.31097
18 29 8 0 8 4 59 2111 047361 047372 —1.122
18 29 0 29 13 4 85 2106 047493  0.47477 1.624
18 29 5 47 0 4 77 2101 047606  0.47629 —2.290
20 32 0 0 16 2 100 2010 049756  0.49842 —8.583
20 32 3 47 8 8 98 2.008 049792  0.49790 0.164
20 32 8 29 5 8 43 2005 049872  0.49912 —4.033
20 32 0 58 0o 2 78 2.006 049852  0.50015 —16.356
20 32 5 18 13 8 15 1.997 050081  0.50076 0.441
20 32 10 0 0o 2 7 1.985 050375  0.50391 —1.548
52 84 16 0 0o 2 6 1241  0.80600  0.80665 —6.502
52 84 8 29 21 8 6 1239  0.80686  0.80707 —2.149
52 84 0 94 0o 2 1.238  0.80794
52 84 13 47 8 8 9 1.237  0.80867  0.80870 —0.262
52 84 5 76 13 8 15 1.237  0.80845  0.80870 —2.550
52 84 0 0 26 2 1.234  0.81058
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Table A4. (Continued)
dgheo qtheo dexp BQ(the%exp)
N M h k m I A (A7 (A Y (104 A D
70 113 16 29 13 8 1.069  0.93552
70 113 0 29 29 4 1.069 093564
70 113 3 76 21 8 1.068  0.93596
70 113 8 94 8 8 4 1.068 093652  0.93633 1.912
70 113 5 105 0 4 1.067  0.93698
70 113 13 18 21 8 1.066  0.93769
70 113 13 76 21 8 1.066  0.93795
70 113 5 47 26 8 6 1.066 093827  0.93831 —0.352
70 113 18 0 8 4 1 1.063 094026  0.94051 —2.477
72 116 16 0 16 4 1.056  0.94721
72 116 11 76 13 8 1.056  0.94720
72 116 16 58 0 4 3 1.055 094771  0.94770 0.133
72 116 3 105 8 8 2 1.055 094827  0.94850 —2.249
72 116 0 94 16 4 1.054  0.94886
72 116 5 18 29 8 1.054  0.94904
72 116 8 65 21 8 4 1.053 094922  0.94961 —3.966
72 116 0 58 26 4 1.053  0.94987
72 116 13 47 18 8 4 1.051 095152  0.95190-3.805
72 116 10 94 0 4 1.050  0.95212
72 116 18 29 5 8 3 1.049 095316  0.95334 —1.818
72 116 10 0 26 4 1.050  0.95263
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